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We present a new application of affine Lie algebras to massive quantum field theory 
in 2 dimensions, by investigating the q — > 1 limit of the q-deformed affine si (2) symmetry 
of the sine-Gordon theory, this limit occurring at the free fermion point. We describe 
how radial quantization leads to a quasi-chiral factorization of the space of fields. The 
conserved charges which generate the affine Lie algebra split into two independent affine 
algebras on this factorized space, each with level 1, in the anti-periodic sector. The space 
of fields in the anti-periodic sector can be organized using level- 1 highest weight repre- 
sentations, if one supplements the si (2) algebra with the usual local integrals of motion. 
Using the integrals of motion, a momentum space bosonization involving vertex operators 
is formulated. This leads to a new way of computing form-factors, as vacuum expectation 
values in momentum space. The problem of non-trivial correlation functions in this model 
is also discussed; in particular it is shown how space-time translational anomalies which 
arise in radial quantization can be used to compute the short distance expansion of some 
simple correlation functions. 
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1. Introduction 



It is well known that massive integrable quantum field theories in two dimensions are 
characterized by an infinite number of local integrals of motion P n which all commute. 
Under Lorentz transformations these integrals of motion are characterized by their integer 
Lorentz spin 



where L is the Lorentz boost operator. For example, in the sine-Gordon theory, there exist 
PnS for all odd integer n. The local integrals of motion are important for establishing 
integrability and consequently the factorizability of the S-matrix. They also play a central 
role in the quantum inverse scattering method. 

Since the local integrals of motion satisfy an absolutely uninteresting infinite abelian 
algebra, they provide only limited information on the S-matrix, and have not provided 
any useful Ward identities for correlation functions. More recently, attention has turned 
to the existence of infinite non-abelian symmetries. Generally, these correspond to q- 
deformed affine Lie algebras and Yangians. The extent to which these quantum affine 
symmetries characterize the dynamical properties of the models remains an open question. 
The main dynamical properties one is interested in are the S-matrix, the form factors and 
the correlation functions. The fact that the S-matrix is almost completely characterized 
by its quantum affine symmetry suggests it is worthwhile to understand the consequences 
of this symmetry for the form factors and correlation functions. 

We will consider the sine-Gordon theory, characterized by the lagrangian 



In [U , explicit conserved currents were constructed for the finite number of simple roots 
of the q — si (2) affine Lie algebra, where q = exp(— 27ri//3 2 ). The main features of these 
currents are that they are non-local and possess fractional Lorentz spin ±(2//3 2 — 1). All 
of the Hopf algebraic properties of the quantum affine symmetry are a consequence of 
this non-locality, in particular, q 2 is a braiding phase. The non-locality of these conserved 
charges is precisely what makes it difficult to use them to derive Ward identities for ex- 
ample. To simplify the problem, consider the 'reflectionless' points (3 2 = 2/(N + 1). Here, 
q 2 = 1, and the Lorentz spin of the charges is N. One is thus led to suspect the existence 
of an undeformed affine Lie algebra symmetry si (2) at all the reflectionless points, however 
this does not follow from results in due to the delicacy of the q 2 — > 1 limit. In this talk 



[L, P n ] =nP 7 



n 




(1.1) 
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we will consider only the case of N = 1, which occurs at the free fermion point. Indeed, 
one can construct explicitly all of the generators for the sl(2) symmetry in this case. The 
aim of this work is to understand the extent to which the affine symmetry characterizes 
the dynamical properties of the model, and to develop some new structures that may be 
amenable to (/-deformation. The deformation of the results presented here away from the 
free fermion point still remains a difficult open problem. Some aspects of the quantum 
affine symmetry at general reflectionless points is studied in || 

Most of the work presented here is based on the paper s f|] ||. Only the last section 
contains previously unpublished work. 



2. sl(2) Symmetry of Massive Dirac Fermions 

In this section we describe the conserved currents for the affine sl(2) symmetry at the 
free fermion point. It is well known that at (3 = 1, the sine-Gordon theory is equivalent to a 



massive free field theory of charged fermions. Introducing the Dirac spinors ^± 
of U(l) charge ±1, the equations of motion are 



d z ifj ± = irm/>±) 9 z J ip± = — ira.ip±. (2-1) 

We have continued to Euclidean space, and z, z are the usual Euclidean light-cone coordi- 
nates: z = (t + ix)/2, z = (t — ix)/2. 

Generally, the conserved quantities Q follow from conserved currents J^: 

f dz f dz 

£kJ z + d z J- = 0; Q= — J z - — J z . (2.2) 

J 2m J 2m 

Define the inner product of two spinors A = ( a J , B = ( , ) as 



(A,B) = ( / dz ab + I dzab) . (2.3) 



47T 

Using the equations of motion ( |2.2| ) , one can verify that the following charges are conserved 



Q± n = i(*±,3?*±), Qj = i(*±,^*±) nodd 

2 2 (2.4) 

a_ n =: (*+,^*_) :, a n =: (V + ,d^-) : 



where n > 0. 
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Define 

Pn — «n, n odd; T n = a n , n even. 
Then one can show that the charges obey the following commutation relations: 

[P n ,P m } = (2.5a) 
[P n ,T m ]= [PmQt] =0 (2.56) 
[T n ,T m ] = (2.5c) 

[Tn,Qm] = ±2 -| n +m| Qn+m (2.5d) 
^\n\+\m\ 

[Qn^Q^\ = ^T^T n+m (2.5e). 

The conserved charges have integer Lorentz spin: 

[L,a n ] = -na n , [L, Q±] = -n Q±. (2.6) 

The P n are the usual local integrals of motion at odd Lorentz spin, where the translation 
operators are P z = P-i, P% = P\. The remaining generators T n , satisfy the twisted 
si (2) algebra at level 0, and furthermore commute with the P n . The twist is to be expected 
here since in the free fermion theory only the U(l) charge is Lorentz spinless. The twist 
breaks the sl(2) subalgebra of zero modes that is familiar in current algebra to U(l). 

It is interesting to consider the conformal limit of the above charges. As hi — > 0, the 
charges Q- n for n > become purely left-moving whereas the Q n become right-moving. 
Thus, in the conformal limit one recovers two decoupled Borel subalgebras of sl(2). 

The lowest conserved charges Qf, Q-i can be derived from the results in [Q using 
standard bosonization formulas, in fact this is how we originally found them. See also || 



3. Representation Theory 

In this section we consider the representations of si (2) that are realized in the model. 
There are two vector spaces of interest: the space of particles and the space of fields. The 
space of particles diagonalizes the translation operators, which on one particle states have 
the eigenvalues P z = me 9 , P- = me" 9 . The space of particles is then: 



H P = {®\0 1 ---e n }}. 
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On the doublet of one-particle states, the conserved charges have the following loop algebra 
(level 0) representation: 

«). «=fi""«-"(o j), Q;=ffi w «-»(; °). 

_ (3 - i) 

The trivial comultiplication induces a representation of s/(2) on the tensor product space 
Tip. Thus 7ip is a direct sum of finite dimensional level representations of sl(2). 

Consider now the space of fields. Let $>i(z,z) denote a complete basis in the space of 
fields and let |<E»j >= $i(0)|0 >. The space of fields is then defined as 

H F = {(Bi\Qi>}. (3.2) 

The space of fields of course does not diagonalize the translation operators P Z ,P-, but 
rather diagonalizes the Lorentz boost operator L. The representions of sl{2) on the space 
of fields are much more interesting than on the space of particles. An explicit construction 
of the space of fields can be obtained via radial quantization, since it is this quantization 
scheme that yields states that diagonalize L. In this way one can show that there exists a 
quasi-chiral splitting in the space of fields: 

1~Lf = 7~(-f <E> Hp- 

In the conformal limit, H F ' R are the left and right moving chiral sectors; however we 
emphasize that radial quantization provides a meaning to the quasi-chiral splitting in the 
massive theory. Furthermore, as I will describe, the conserved charges split into quasi 
left and right pieces, and the spaces Tt F ' turn out to be infinite dimensional level 1 
representations of si (2). 

We now describe the basic features of radial quantization that allows one to establish 
the above statements. In radial quantization, equal 'time' surfaces are taken to be circles 
surrounding the origin in the space-time plane. For the free fermion, one only needs to solve 
the Dirac equation in polar coordinates to obtain the expansions of the fields appropriate 
to radial quantization. One finds 
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a„ = nr 



u 



The labels a, p represent anti-periodic versus periodic sectors. In the anti-periodic sector, 
uj E Z, whereas in the periodic sector uj E Z + 1/2. We will mainly be concerned with the 
anti-periodic sector, where one has: 

*S-i/ 2 = T(i - a/) 

*?«Li/2 = r(i-a/) m-+V2 

Similar formulas apply to the periodic sector. 
Upon quantization, one finds 

iK'K'} = S u ,- U ', {b u ,b u >} = 6 u - u >, {b u ,b u >} = 0. (3.5) 

Since the b operators commute with the b operators, the fermionic Fock space built out of 
the the fermion modes factorizes as explained above. 

The fermionic Fock spaces constructed using the operators b u , b^ can be identified 
with the space of fields. For example, in the periodic sector one finds 

d> ± (0)|0> = n\ b±_ n _ h |0), ^±(0)|0) = n\ S n _i |0). (3.6) 
Jz(0)\0) = b+ 1 bZ 1 |0>, Jy(0)|0)=Ci bZi |0), (3.7) 

2 2 2 2 

where J M is the U(l) current. The above formulas are identical to the conformal limit, 
however we emphasize that they are valid in the massive theory: they are a consequence 
of the r — ► properties of the Bessel functions in the expansion of the fields. 

In the anti-periodic sector, due to the existence of the zero modes bo, bo, there are 
doubly degenerate Ramond vacuua for each sector | ±1/2 >l and | ± 1/2 >r. One has 
the following identification with fields in the sine-Gordon theory: 

e ±**(0)/2 | Q) = (cfJi) l/4 (| ± |)l | -p , )r) = (cfJi) l/4 | ±|); (3 _ 8) 

where c is some constant. The quasi-chiral spaces of fields described above have the 
following explicit realization: 

ni ± = {bZ ni bZ n2 --bt nt bt < -\±hh} 

(3.9) 

K ± = {b~- ni bZ n2 ■ ■■t_ n ,t_ < • • • | ± \) R ) , 



i e i(h-")v 7i_ w (mr) 
e _i( w+ i )v , / _^_^(g ir ) 

e i(§+<")* /_i_^(fhr) 
-i e^* - "^ 7i_ w (mr) i ' 



(3.4) 
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for n, n' > 1. 

In the radial quantization the conserved charges split into quasi left and right pieces: 

Qt = Qt L + Q-'n , 

R (3 ' 10) 

a n = a n + a_ n . 
The Q L (Q R ) pieces involve only the b (b) operators. For instance, 

With the above expression for the conserved charges in terms of the fermion modes, one 
can study the representation of the charges on the space of fields. One finds that the split 
charges now satisfy a level 1 affine Lie algebra: 



"n, — vn 



. \n\ + \m\ 



(3.12) 



fhl n+m l 
f^|n|+|m| „ 

LVn »Vm J m |n+m| ^n+m T 2 m "n,-m> 

and similarly for the right charges. The non-zero levels cancel in the sum Q L + Q R so that 
the complete charges continue to satisfy a level algebra. 

Let us denote the P n extension of the algebra sl(2) defined in ( |3.12|) as sl(2). As we 
have seen, the symmetry algebra factorizes into sl(2) L (g> sl(2) R . The algebra si (2) is a 
complete spectrum generating algebra for the anti-periodic sector, namely, the complete 
spectrum of quasi-chirally factorized fields can be obtained from infinite highest weight 
representations of si (2). To show this define modules 



(3.13) 



Ka.i = {Q-tm Q-'n 2 ' ' ' T-n'T^n^ ■ ■ -P^. n iiP^ n n • • ■ | + , 

for n, n',n" > 1. Then, using characters one can show that 

U L a =V L Ao ®V L Al . (3.14) 
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4. Particle-Field Duality and Form-Factors from Vertex Operators 

Form factors are matrix elements of fields in the space of states Tip. The basic form 
factors 

ei - e »(0i...0 n |$(O)|O>, 

from which the more general matrix elements may be obtained by crossing symmetry, are 
inner products of states in Tip with states in Tip. (Here, the indices q are isotopic.) The 
completeness relation in the space of particles, 

. 00 1 r 

1 = J2 I 9 >< ^ I = "j 53 / ^ • ■ • dd " I**' • ■ ■ ' ^) ei ... en e "- ei (0n, • • - (4.1) 

n=o n '{ ei r 
allows us to map states in Tip to states in 7ip, i.e. to view |$) £ Tip: 

\^i)=Y,\t)(B\^). (4.2) 

The intuitive simplicity of the space Tip is responsible for this conventional way of thinking 
about form factors. 

We give now a dual description of the same form factors. Let us suppose that one can 
define a dual to the space of fields Tip with inner product and completeness relation: 



(&\$> j ) = 8) 

i = 5>;><n 



(4-3) 



Then one can map a state \9) G Tip into Tip. The dual statement is 

(Oi---e n \= n (0i---6 n \$ l )(&\ E Tip. (4.4) 



ei---e r 



In order to work the above simple remarks into an efficient means of computing form 
factors, one must work explicitly with the space Tip. Radial quantization provides the 
necessary structures ( |4.3| ). In order to use these ideas to compute form factors, we need 
to introduce the notion of vertex operators. The formula ( |4.4| ) implies that one can map 
states in Tip to states in Tip. We call this map the 'particle-field map'. We construct this 
map explicitly by defining vertex operators V e {9) as follows: 



(9 1 ---9 n \ = (n\V^(9 1 )---V^(9 n ) eTip (4.5) 
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where (fi| is a fixed 'vacuum' state, which will be characterized completely below. The 
vertex operators are distinguished from the Faddeev-Zamolodchikov operators Z(6) since 
they act on completely different spaces. However the basic algebraic relations satisfied by 
the Z operators continue to be satisfied by the V operators. The vertex operators V e (9) 
operate in the space Tip: 

V £ (6) : U F -> H F . (4.6) 

In the sequel we will describe how to construct these vertex operators explicitly us- 
ing radial quantization. Once the vertex operators are constructed, the form factors 
ei "' e ™(0i • • -0 n |<&j) are computed directly in the discrete space Tip using (|4.5|) . 

The vertex operators can be constructed explicitly using the radial modes introduced 
in the last section. Let 

u = e\ 

and define 



■UJ 



(4.7) 



Then the vertex operators are 

<n| = <*l + <-il 

1 / -e ■ \ (4-8) 

V e (6) = -== ( bHe'^u) + b (e- m u) ) . 

The normalization of the vertex operators was chosen to satisfy the residue property 

V+(9)V-(9 + (3 + iTv) ~ — (4.9) 

ITX p 



which leads to the proper residue axiom for the multiparticle form factors. From (|3.8|) , one 
sees that the choice ( |4.8|) for (0| is equivalent to the following vacuum expectation values: 

(0| e ±^(°)/ 2 |0) = (cm) 1 / 4 (4.10) 



One can use the above construction to compute the form factors of the fields 
exp(±i</>/2). For these fields, all of the form factors with a U(l) neutral combination 
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of an even number of particles is non-zero. The result is 

+++ -~ -•(^,^---,Me ± ^ (0)/2 |0) 

= (cm) 1 / 4 ( T i\V+( Ul ) ■ ■■V+(u n )V-(u n+1 ) ■ ■ -V-(u 2n )\ ± i) 

\n ( n / \ ±1/2 

= w^i-i)*-'^ n (^) 





Ui — Uj y 



(4.11) 

The above computation can be done using the Wick theorem with the 2-point functions 



v! 



h {-\\ b+(u) b-(u') \ + $) L = n(+h\ b + (u) b (u f ) \-$)r = tt- 

L (+$\ b+(u) b-(u') \-k)L = R (-h\ b + (u) b («') \ + h)R = -^^Tl- 

u + w 

However the computation is more easily done using the bosonization techniques of the 
next section. After some algebraic manipulation, one can see that these expressions agree 
with the known results, though they were originally computed using rather different meth- 
odsHP. 



5. Bosonization in Momentum Space 

In the massive theory one can use the constants of motion to formulate an exact 
bosonization. In the anti-periodic sector, since cx^' R satisfy two separate Heisenberg alge- 
bras, they can be used to construct a bosonization. Define 

and define the momentum space fields (recall u = e e ): 



P{ u ) = Y] Pn—+PO log(u) - Po 



n/0 

(5-1) 



*P0) = ^2 Pn PO lo g<» - Po> 



n 

n/0 

where one has [po,Po] = [PoiPo] = 1- We further define an auxiliary vacuum satisfying 

oj|0) = a«|0> = 0, n>0; 5f|0> , 5f|0> + 0. (5.2) 
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This vacuum |0) is not to be confused with the physical vacuum |0) which resides in the 
periodic sector. One has the following expectation values: 

(0| p(u) p(u') |0) = -log(l/«-l/iO 

(5.3) 

(0\p(u) p{u') |0) = -log(w - n') 
(0| \{ e ia ^ |0) = \{ (l/ui - l/u 3 ) a ^ 

(5.4) 

(0| \l e iai ^ |0) = JJ ( Ui - u 3 ) a ^ . 

i i<j 

The bosonized expressions for the operators b ± (u),b ± (u) and the states |±±) follow from 
the basic commutation relations 

[a^,b ± (u)] = (±l) n+1 m^u- n b ± (u) 



a*X{u) = (±l) n+1 ml n lw n b^(u) 



n n 



± , 



(5.5) 



and the 2-point functions (f4.12| ). The commutation relations ( |5.5|) are fundamental in 
the sense that they describe how the conserved charges are represented on asymptotic 
multiparticle states. One finds 



— b ± (u) =: e****^ :, -JL t(u) =: e ±r ^ : (5.6) 

TV V±7T« 



where — u = e 17r u, and 

|±i) L = : e ±*P(oo)/a : |0) Lj \±i) R = ; e±*P(0)/2 . | 0)i? 

i(±i| = lim u' 1 / 4 (0| : e ±ipiu) / 2 :, R (±|| = lim w 1 / 4 (0| : e ±^)/ 2 : . 

One can easily check that this construction reproduces the form factors ( [4. 1 1| ) . 



(5.7) 



6. Differential Equations for Correlation Functions 



The problem of correlation functions in massive integrable models is notoriously diffi- 
cult and generally unsolved. Even here in the free fermion theory correlators of the fields 
exp(za</>) for general a are rather complicated. For a = ±1/2 these correlation functions 
are related to squares of Ising correlators |T(| 0. From the celebrated Ising results of Wu 



et. al. [11] one can obtain differential equations for these special sine-Gordon correlators. 
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In [|12] differential equations for derived for arbitrary a in the following way. Consider 
the two point function 

< Q| e *a0(z,2) e ia>(0)| > _ (gj) 



Inserting the resolution of the identity ( |4.1| ) between the fields and using the form-factors, 
one finds that this correlator can be written as a Fredholm determinant: 

< 0|e <a * ( *'*> e ia ' m \0 >= Det(l + K), (6.2) 

where K is a 2 by 2 matrix of integral operators: 

n e(u)e(v) 

K(u,v)=[ «+« ) ( 6 .3) 



u+v 



where 



e (u) = u (i+«'-«)/2 eX p [-im(2« + zu' 1 )] 

/sin(7ra')\ 1/2 (1+Q _ a ' )/2 r x , (6.4) 

e(w) = I -J u y ^ " exp [— ±m(zu + zu )J 



Using a generalization of the techniques developed in JT^] [jlj] one can show that the 



above two point functions are parameterized in terms of a solution 77 of the sinh- Gordon 



equation |12j. Let 

E(z,z) =log< 0\e ta ^ z '^ e ia ' m \ 
Then 

9 

777, 

<9 z <9j£ = -^"(l ~ cosh2?y) 
d z d^rj = sinh 2??. 

Note that the above differential equations are do not depend on a, a', though the 
correlation function itself certainly does. This implies that the a, a' dependence must 
come in as a boundary condition for the solution of the differential equation. 

An important question is to understand whether the above differential equations can 
somehow be obtained from the affine s/(2) symmetry. On the one hand, the above differ- 
ential equations are known to be part of the differential equations of the si (2) hierarchy. 
However we know of no concrete connection between the later affine structure and the 
genuine affine symmetry of the quantum field theory. It would be very interesting to re- 
late these two structures since this may provide some ideas on how to (/-deform the above 
results on correlation functions, though this is rather speculative. 
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7. Translation Anomaly and Short Distance Expansion 

The infinite integral representation (Fredholm determinant) that we obtained in the 
last section for the 2 point functions using the resolution of the identity and the form factors 
is a large distance expansion. The symmetry si (2) does not easily relate various terms in 
this form factor sum since it commutes with particle number. However it seems more likely 
that the si (2) symmetry could relate various terms in the short distance expansion. One 
reason for believing this is that the short distance expansion is just conformal perturbation 
theory, and the quantum affine charges were originally derived in this framework, however 
we have very little that is concrete to add to this speculation. 

We would like to show how one can use the infinite Heisenberg algebras described above 
to recover the short distance expansion of a simple correlator. In the radial quantization, 
the integrals of motion split into chiral pieces each satisfying infinite Heisenberg algebras: 



n ;:. n ~ | = n ni 2 l n l 6. 



n, — mi 



For the translation operators, this implies 



\a R a R ] = 



n m 



2\n\ 



(7.1) 



P z = a L _ x + a R , 



P- = af + a R 1 . 



Of course the translation operators commute: [P z , Pg] = 0, however there are anomalies 
in the split pieces: [afjO^jJ = = m 2 . The idea is the use the non-manifest 

translation invariance in radial quantization to our advantage. 
We will consider the correlation function: 



(7.2) 



z — w v z 

In conformal perturbation theory all of the higher order terms in powers of m have com- 
plicated integral representations. Namely, 

< ~^+{z,z)ij-{w,w)\^ >= ^ (2^)1 ( 2 r) / d2z l--- d2z '2nC(z,Z,W,W;Z lr --Z2n), 



where 



C = 



z 1 


Ili,j = l,..n,i^j\ Z i Z j\ 2 [ 




T[ij=n+1...2n,i=£j \ Zi Z 3 2 ] 


w z — w 


Ylr=l lls=n+l \ Z r z s\ 2 





(7.3) 



(7.4) 



x 



i=i 



Zi — Z Zi+ n — UJ 


Zi 




Zi-W z i+n - z 


Zi+n | 
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We will give a simple operator construction of all of these higher order terms. 
One starts from the relation 

ip(z,z) = e za - 1+ * ai V(0) e ~ za -i-* a K (7.5) 

As we have seen, at r = 0, we are very close to conformal field theory. Let us take the 
expression: 

^(0)= lim Yb U} e- us - 1 / 2 + -^—b UJ e?-". (7.6) 



The first term above is just as in conformal field theory; the second term can be obtained 
from first order perturbation theory. Using 



e A ^e~ A =ip + [A,ip) + §L4, [A, + .... (7.7) 



and 



-~- 2 

m 

[at-^bu] = (I - w)6 w _i, [af , 6 W ] = -——b w+1 

2 T W 
^ 2 

| j | - 

[a^ 1} b u ] = (| - w)6 w -i, [af , b u ] = -——b u +i 

2 ~V UJ 



one obtains 



i>{ z , z ) = Wwfo z ) + b ufu>( z i z )- ( 7 - 8 ) 
ujez 

The functions are easily computable order by order in m from (|7~5|) ( ff77|) . One 

obtains 



/w = z 



1 (B- 1 ^^ 1 ) 



/ w = m E^)^ ^ + , ( 7 - 10 ) 
^— ' n! r(^ - + n) 

One recognizes these functions as short distance expansions of the functions: 

(«+l/2)/2 

/ w = T(l/2 - u;)m"+5 ( - J J_ x _ w (mr) (7.11) 

/ w =r(l/2-w)m w+ » - /i-.(mr) (7.12) 
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Finally, inserting these expansions into the correlation function, one obtains: 

(il 1>+(r t <p) ip-(r',(p') \-\) v=(p , =0 

^(-)1/_ n _i(mr)4_i(mrO-/i_Jmr)/i +Jl (mr')) - Ii (mr)Ji (mr') 



ni7r 



\n=l 

-o / : 1 



z — z' 

(7.13) 

To summarize what we think is interesting, we have shown how from structures in ra- 
dial quantization we can reconstruct the short distance expansion of a correlation function 
in an operator framework. It would be very interesting to generalize this to theories other 
than free fermions, though this seems rather difficult. 

Finally we remark that the above formulation of a correlation function is reminiscent 
of the free fermion construction of tau functions [ 15]. In fact it is natural to incorporate 
the dependence on higher coordinates as follows: 

t(zi,Zi,z 2 ,z 2 , ) =< 0|exp(^a n ^ n )$(0)exp(-^« ri z n )|$ / > 



The short distance expansion of general sine-Gordon correlation functions is studied 
in IITH 



8. Discussion 

Though we have limited ourselves to perhaps the simplest possible case of the free- 
fermion point of the sine- Gordon theory, we believe the ideas presented here can lead to a 
new framework for computing form factors in massive integrable quantum field theory. In 
this approach, since a complete description of the space of fields Hf is provided from the 
outset via radial quantization, the complete set of solutions to the form factor bootstrap 
is automatically yielded. In the bosonized construction in section 5, an important role was 
played by the affine si (2) symmetry. Since away from the free-fermion point this symmetry 



is deformed to a U q {sl{2)) symmetry [|T7|, this quantum affine symmetry is expected to be 



important for the general construction. The results contained in |Tg] |T9| [gOj should prove 
useful. 

It is interesting the compare the basic features of our construction with Lukyanov's 
approach |2l[] |2^] , (see also |23| ), where the form factors are constructed as traces over 
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auxiliary Fock-modules. The original motivation behind his construction came from the 
work|24], where the necessary mathematical properties of these traces were understood in 



the context of lattice models. 



Though the constructions above and [21] are similar in spirit, the detailed aspects 



of the constructions are quite different; as mentioned above, here the form factors are 
vacuum expectation values of vertex operators whereas in |2l| they are traces over infinite 



dimensional modules of products of vertex operators. Namely, in |2l]] the n-particle form 
factors of a field $ are represented as 

Trr{e™ L V{0 x )---V(6 n )O*) (8.1) 

where T is an infinite dimensional auxiliary Fock space, V(9) are vertex operators depend- 
ing on the rapidity 9, L is the generator of Euclidean rotations (Lorentz boost), and C$ 
is an operator that encodes the data of the field $. 

A completely satisfactory understanding of the origins of these differences is lacking; 



indeed, the specialization of the results in [21] to the free-fermion point has not been 



carried out, and furthermore is not an easy exercise. Nevertheless, the main differences in 
the constructions may be understood heuristically as arising from the distinction between 
radial and angular quantization. Let us clarify this point. Define the usual Euclidean 
light-cone and polar coordinates as follows 

z = (t + ix)/2 = ^ exp(iip), z = (t — ix)/2 = — exp(— i<p). (8.2) 

Our work was carried out in radial quantization, where r is declared as the 'time'. In 
angular quantization, (p is declared as the 'time'. By considering the free-boson limit of 
the sine- Gordon theory, where an explicit angular quantization may be performed, it was 



shown in |22| how the main features of the algebraic contruction in [[ZT] arise. In particular, 
the factor exp 2ixiL in the trace was interpreted as a density matrix. 

The origin of the traces in angular quantization can also be understood heuristically 
as follows. In angular quantization, since the Lorentz boost operator L generates shifts 
in (p, it is the Hamiltonian. Consider now the functional integral formulation of such a 
quantization scheme. To do this, one must cut the spacetime plane with a semi-infinite 
line from the origin to infinity. Equal time contours are circles surrounding the origin, 
where the initial and final times correspond to the two sides of the above semi-infinite line. 
From the standard correspondence between path integrals and quantum matrix elements, 
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when one identifies the states on each side of the semi-infinite line and sums over them, 
one obtains: 

, . _ . . f D$ e~ s O Tr (e 2niL O) , . 

O = 5— = - 8.3) 

/ T>$ e - S Tr (e 2 ™ L ) v ; 

The 27rz constant in the factor exp(27uL) is fixed by the 2tt length of the 'time' (p. In 



2^| pl |, the latter constant was fixed by imposing the right symmetry properties of the 



form factors expressed as these traces. 

Readers with some familiarity with conformal field theory will doubtless see the strong 
parallels of this subject with the work presented here. For the example we have developed, 
we have shown that in radial quantization form factors can be computed as correlation 
functions in momentum space, and these correlation functions are very similar in structure 
to conformal spacetime correlation functions. Furthermore, for the purposes of computing 
form factors, one can describe the space of fields in the same way as is done in the ultraviolet 
conformal field theory. In a definite sense, we have shown that starting from a description 
of the space of fields in a conformal field theory and the basic operators from which one 
constructs this space (in our case, we mean the operators 6^, 6 W ), then one can reconstruct 
a massive theory and its form factors by constructing the vertex operators. It is important 
to understand if this is possible more generally. 

As far as correlation functions are concerned, it is disappointing that thus far we 
have been unable to develop some new methods to derive their main properties from the 
(quantum) affine symmetry. It would be very interesting to understand even how the 
differential equations of section 6 are related to the affine sl(2) symmetry. 
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